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Abstract. This is a brief summary on pulsating strings in beta deformed backgrounds found 
recently. 



1. Introduction 

Spinning and rotating strings are well understood in the context of the AdS/CFT correspondence 
and they have been used to provide strong support to the duality between type IIB strings in 
AdSs x S 5 and Af = 4 super Yang-Mills in four dimensions. On the other side pulsating strings 
are much less known. They have been studied in AdS$ x S 5 [UEJIHIIIIEIEIEIIH] but the 
corresponding operators in the gauge theory are still poorly understood. 

It is also desirable to extend the AdS/CFT correspondence to situations where the number 
of supersymmetries is less than the maximal allowed. A marginal deformation of the J\f = 4 
theory which preserves M = 2 supersymmetries and depends on one parameter f3 is known for 
a long time (9j [TO]. Its gravitational dual, found by Lunin and Maldacena [TT], corresponds 
to a string propagating in AdS§ x 5|, a background where the five sphere has a deformation 
depending on one parameter 7. Rotating and spinning strings have been studied in Lunin- 
Maldacena backgrounds given further support to the correspondence. We will present some 
results for pulsating strings in this deformed background which were obtained in collaboration 
with S. Giardino [12] . 

Since the string has a periodic motion we will use the string oscillation number and its 
energy to characterize its classical behavior. Notice that the string oscillation number is not 
one of the string charges but being an adiabatic invariant it provides information about the 
high energy regime. We will consider the case of highly excited string states. We first consider 
pulsating strings in deformed Minkowski spacetime. After quantization we look for highly excited 
string states for small deformation and compute its energy in perturbation theory. We find full 
agreement with the quantum results if the oscillation number is quantized as an even number. In 
the AdS§ x S$ case we consider only strings oscillating in the deformed sphere since AdS$ is not 
deformed. We find that the oscillation number can be expressed in terms of elliptic functions. 
We derive the relation between the energy and the oscillation number for short strings in the 
low energy regime. When the deformation vanishes we recover the results for AdS§ x S* 5 [13] . 
In the case of large energy we consider the quantization of highly excited strings up to second 
order in perturbation theory and we find that the energy has a new term proportional to the 
deformation parameter which is not present in the classical relation between the energy and the 



oscillation number. We also discuss the contributions coming from the fluctuations of the radial 
AdS coordinate. 

It is known that the gauge theory operator dual to pulsating strings in AdS§ x S 15 is composed 
of non holomorphic products of the complex scalar fields and that there is a precise match 
between the energy and the anomalous dimension [H [HI [15]. It would be interesting to 
extend these results to the deformed case using the results of |16j . Notice that for a rotating 
string in AdS§ x S| with angular momentum J and winding number m it is known that its 

energy can be obtained from the AdS§ x S 5 energy simply by replacing \m\ by \m + \^J\ [TT] . 
This is also true for the fluctuations around the classical solution. For pulsating strings such a 
property no longer holds. 



2. Pulsating Strings in Deformed Flat Spacetime 

The ten dimensional Minkowski spacetime is split into a four dimensional one and the remaining 
six dimensional space is deformed resulting in the deformed flat spacetime given by |llj 

ds 2 = ri^dxV + ^idrl + Grfd^+j^lrysG^dA > C 1 ) 

i=l \i=l / 

B 2 = 7 G [r\r\ dfa A dfc + r\r\ d<f) 2 A d<f> 3 - r\r\ d<j>i A dcj) 3 ) , 

2$ ri n—\ ii 2/22, 22, 2 2\ 

e = G, G =1 + 7 {r{r 2 -\-r 2 r 3 + rlr%) . 

No RR fields are present in this case. As expected, when the deformation vanishes, 7 = 0, we 
get ten dimensional Minkowski spacetime. 

We now consider a pulsating strings in 0. We will use spherical coordinates defined by 

n = rsin0cos-0, r 2 = r sin sin -0, r3 = rcos#, (2) 

and choose the string at the origin of the Minkowski spacetime with t/j = 7r/2, 4>\ = 4> 2 = and 
9 fixed so that the relevant part of the metric becomes 

ds 2 = -dt 2 + dr 2 + Gr 2 cos 2 0d0§, (3) 
G- 1 = l + 7 2 r 4 sin 2 0cos 2 #. (4) 



The coupling of the string to the B 2 field vanishes. The ansatz for a pulsating string that is 
wound in <p 3 and oscillating in the radial direction is 

t = kt, r = r(r), 03 = ma, 6 = constant, (5) 



with m being the winding number. After the rescale m and 7 as m cos 9 — >■ m and 7 sin cos 9 — > 
7 respectively, assuming that 6 is different from zero and tt/2, we can rewrite the only non-trivial 
equation of motion in terms of an effective potential as 



r 2 k 2 



m 2 m 2 



V{r), (6) 



where V(r) is given by 



n-,2 



and plotted in Fig. [lj There r 2 M = I/7 is the point where the potential reaches is maximum 
y(r#) = 1/(27). The condition for oscillatory motion implies that K 2 /m 2 < 1/(27). From now 




Figure 1. The effective potential in deformed Minkowski spacetime 



on we will only consider the case of small deformation 7 << 1. Then the height of the potential 
is very large and its position is far away from the origin and we can consider a highly excited 
pulsating string. 

The string dynamics can be characterized by the relation between the string oscillation 
number and the energy. The oscillation number associated to the periodic radial motion is 
N = <f U r dr /2tt, where n r is the momentum conjugated to r. To compute n r we take the 
Polyakov action for the ansatz ^ 



J dr(l-r 2 + m 2 r 2 G) , (8) 



and find 

„2 at2 



V 8 A m? 



E=V2X 1 / 2 mN ~ • ( 9 ) 



Since adiabatic invariants can be used to probe the highly excited states of the quantum theory 
the above expression can be regarded an approximation for the energy in the limit of large 
quantum numbers in the radial direction. 

To quantize we will use the Nambu-Goto action for the ansatz §5§ 



-m- 



^- J dtrVG^l-r 2 , (10) 



finding the Hamiltonian 



H 2 = U 2 + \m 2 r 2 - 7 2 Am 2 - ' . . (11) 

1 + 7 z r 4 

If the deformation vanishes we get a radial harmonic oscillator potential \m 2 r 2 . We assume 
that the wave function depends only on r so we have to realize H 2 as the radial component of 
the Laplacian 

v-Mi^)- (12) 

First consider the situation where we quantize only the radial motion on the deformed plane (|3]) 



r 



ignoring the remaining coordinates, that is we take y/—g = r cos 6\JG in (12). The Schrodinger 
equation is then 

H 2 ^ = r— + Amr 2 * + 2 7 2 r 3 - 7 2 Am 2 ^-r* = E 2 V. (13) 

r dr \ dr J dr 1 + 7 2 r 4 



To solve (13) we will use standard perturbation theory and we have to choose the unperturbed 



Hamiltonian. We can either choose the two first terms or the three first terms. In the last case 
we are considering the quantization in the deformed space while in the first one we are regarding 
the deformation as a perturbation and quantizing in the undeformed space. In both ways we 
get the same result at the end. If we choose as the unperturbed Hamiltonian the first two terms 



of ( 13 ) we find that the normalized wave function is 



where L n are Laguerre polynomials. For highly excited states we have 



E, 



O.n 



mn, 



(14) 



(15) 



or Eo >n = ■\j2\ 1 / 2 m{2n). Since we are quantizing a radial harmonic oscillator we expect that its 
energy depends only on even integers. Comparison with the lowest order of ^ shows complete 
agreement if the oscillation number is quantized as 2n. 
The first order correction to the energy for large n is 



E n 



j2X 1 / 2 m(2n) 



1 



5 7 2 {2nf 
8 A m 2 



(16) 



As expected it agrees with @ if we assume that the oscillation number N is quantized with 
eigenvalue 2n. 

Some quantum effects of the deformed ten dimensional space can be seen by taking in II 2 . 
the contribution of all dimensions by choosing \J—g = r 5 \J~G . . . where the dots represent terms 
which do not depend on r and cancel out in (12). We also assume that the wave function 
depends only on the radial coordinate. The Schrddinger equation for H 2 reads now 



H 2 m 



1 d 

r 5 



dr 



+ Am 2 r 2 $ + 47 2 r 3 



d^ 

dr 



2 \ 2 

7 Am 



1 + 7V 4 



The normalized wave function is now 



tt n (r) = V2A 3/4 



m 



3/2 



-VW/2 L (2) ( v^ mr 2 



(17) 



(18) 



(2) 

where L n are generalized Laguerre polynomials. The energy for high quantum number is still 



given by the former result (15). This happens because only the zero point contribution to the 



energy changes with the dimension and in the limit of large n it can be ignored. The corrections 



coming from the deformation lead to the previous result (16). This shows that for a highly 
excited string the classical result ^ can be straightforwardly taken to quantum case when N 
is quantized as 2n. 



3. Pulsating Strings in the Deformed Sphere of AdS§ x 5| 
The the Lunin-Maldacena background is given by [11] 



ds 1 



R 1 



ds Ads 5 + + Gtfdtf) + l 2 f4f4f4G [J2 d A 

i=l \i=l / 



O/OO 00 00 \ 

Bi = jR G (MijU 2 dcpi A dcp2 + ^2 n 3 d(p2 A dfa — d(f>i A dfo) , 

e 2 * = e 2 *°G, 

C 2 = -ASttNjooi Adt/), 

C 4 = 16vr N (0J4 + G duJi A <% A # 2 A #3), 



(19) 



where B2 is the NS-NS two-form potential, C2 and C4 are the two and four-form RR potentials 
respectively, <3? is the dilaton, and 

ds 2 AdSs = - cosh 2 p dt 2 + dp 2 + sinh 2 p (d^ 2 + sin 2 ^d^j + cos 2 ^d® 2 .) , (20) 
G- 1 = 1 + 7 2 (/^/i 2 , + p\p% + MimI) , (21) 
duj\ = sin 3 a cos a sin cos 0da A d9, ^Ads 5 = du>4, (22) 



i=l 



7 = ^7, 



i? 1 



(23) 



with i? being the AdS radius. The constraint in ( 23 ) can be solved by introducing spherical like 
coordinates 



pi = sin 9 cos V>, 

/i2 = cos#, 

P3 = sin ^ sin -0, 

so that the metric and the KR field become 

ds 2 



(24) 



R 2 {ds 2 AdS5 + d6 2 + sin 2 9d^ 2 + 
+G [sin 2 9 cos 2 tf> (l + 7 2 sin 2 (9 cos 2 6> sin 2 xp) d<p{+ 
+ cos 2 6» (l + 7 2 sin 4 9 cos 2 V> sin 2 if) d<\>\ + 



+ sin 9 sin 
f ~2 • 4 



2 < J - 2 V (1 + I 2 sin 2 cos 2 9 cos 2 0) #3] + 

2 /)„;„2 „,. „„„2 



#2 



where now 



+2G7 sin #cos #sin 0cos ip (d/ftidfo + dfadfa + d0irf</>3)} , 

OO/OO 00 

ii 7G sin (cos #cos ^d^i A d(f>2 + cos #sin ipdfa A dfo— 
— sin 2 sin 2 ip cos 2 A ^3) , 



G 1 = 1 + 7 2 sin 2 <9(cos 2 6< + sin 2 cos 2 sin 2 ip). 



(25) 
(26) 
(27) 



For a pulsating string in the deformed sphere we assume that in the AdS$ sector ( 20 ) we have 



^ = $1 = <£> 2 = while in the 5? sector ( 25 ) we take 



i>2 = and -0 = 7r/2 so that we still 



have a deformed sphere inside S|. In this situation the relevant part of the metric reduces to 



ds 2 = R 2 (- cosh 2 p dt 2 + dp 2 + d9 2 + G sin 



fd^ 2 ), 



(28) 



while B2 = C2 = 0, and now G = 1/(1 + j 2 sin 2 # cos 2 9). The ansatz for a pulsating string 
wound m times along 03 in the deformed sphere is 



t = KT, 



P = p(r), 



9(t) 



ma. 



(29) 



The equations of motion are satisfied if p is constant, so we take the string at the center of AdS$. 
Again we introduce an effective potential 



V(9) 



V(9), 



sin 



1 + 7 2 sin 2 9 cos 2 9 ' 



(30) 



which is plotted in Figj2j The potential has a maximum at tt/2 with value 1 so that there are 
two cases to be analyzed. If n 2 /m? < 1 then there is a turning point so that 9 is limited to 
a maximum value In this case the energy is small E 2 < Am 2 and we have a short string 
oscillating on the deformed sphere. If K 2 /m 2 > 1 then E 2 > \m 2 and there are no turning 
points. We now have a string oscillating all the way from the equator to one of the poles of the 
deformed sphere. 




Figure 2. The effective potential in AdS§ x S\ 



We now use the Polyakov action for the ansatz (29) 



S 



dr (cosh 2 p- p 2 -9 2 + m 2 sin 2 OG), 



to find in the case of short strings, when K 2 /m 2 < 1, that 

\ / 2X 1 / 2 mN 



E 



N 



1 N 



8 \f\m 128 \\f\m 



3V2, iV 3 / 2 



-7 



(x/Am) 1 /; 



41 N 



193 



24 384 \y/\. 



+ ... 

N 



\m 



+ 



(31) 



(32) 



There is a natural small expansion parameter N/ (y/Xm) so we are in the regime of low quantum 
numbers. Also our results reduce to the AdS^ x S 5 results p3] in the undeformed case. We can 
not perform the quantization for strings with very large energy because we had to assume that 
E/(\/Xm) is small. For the case k 2 /m 2 > 1 we find that 



E 



N 
1 

32' 





f \f\m\ 


-i| 


f \f\m\ 


v N ) 


64 \ 


v N J 


2 A m2 
N 


16 ^ 


\f\m 
N J 


2 

) + 128 



+ ... 



Am 



+ ... 



(33) 



There is a small expansion parameter \f\m/N so that we can consider the regime of large 
quantum numbers. 



The string can be quantized using the Nambu-Goto action for the ansatz (29) and we get 

H 2 = cosh 2 p [II 2 + IT 2 , + Am 2 sin 2 9(1 - j 2 sin 2 9 cos 2 9)]. (34) 



Considering the string sitting at the center of AdS we will quantize it in the deformed sphere 
(28). Then II 2 , has to be realized like (12) (with r replaced by 0) using y/—g = \[G sin0 leading 



to 



H 2 ^ 



Id/ „d^\ o „ „, 9 
Am 2 sin 2 9(1 - -y 2 sin 2 9 cos 2 0)f = E 2 ^. 



(35) 



If the unperturbed Hamiltonian is taken as the first term then the normalized eigenfunctions 
are written in terms of Legendre polynomials 



tf„(0) = V2n + lP n (cosf 



(36) 



For highly excited strings £?o,n = n an d it agrees with the lowest order term in (33) if the 

then 

(37) 



oscillation number is quantized as an integer. The first order correction to the energy is then 
found to be 



while the second order correction is 

hE 2 n = 



1 



-Am 



1 A 2 m 4 



1 



1 



8 



7 



1 



1 \ 

o7 



32 n 2 

We then find for the energy of highly excited string states 



(38) 



E n = n 



1 Am 2 

1 + - 



1 / Am 



4 n 2 64 V n 2 



2\ 2 



+ . . • 



1 ,,Am 2 
32 ' n 



3 Am 
16 n 2 



(39) 



in perfect agreement with the classical expression (33) for the energy if the oscillation number 



is quantized as n. This is expected because we are quantizing in the deformed sphere. 

Effects of the full ten dimensional deformed spacetime on 9 can be taking into account by 
considering \J—g = \/Gsin 3 9 cos 9 . . . in II 2 ,, that is, 



q 1 4 ( G sin 3 9 cos 9 4^ 

G sin 3 9 cos 9 d9 V d9 



1 



d 



sin v cos i 



d9 



sin t) cos l 



d~9 



2j 2 sin 9 cos 9(1 - 2 sin 2 



dB' 



(40) 



Taking the first term of (40) as the unperturbed Hamiltonian in (34) the normalized 



eigenfunctions are expressed in terms of Jacobi polynomials as 

tf n (0) = 2^/nTlPi ' 1) (l - 2 cos 2 i 



(41) 



Then E$ n = 2n for large n and we get agreement with the lowest order term of (33) if the 



oscillation number is quantized as an even integer. Now the wave function is even about = ir/2. 
The first order correction is 



SiE 2 



1 



-Am 2 1 



1 



(42) 



which is precisely the result (37) with an extra term which came from the one derivative 
contribution in (40). This contribution is at the same order of 1/n as the other terms. In the 



case of the deformed Minkowski spacetime they were of different orders and the corresponding 
term was of lower order. To second order correction is 



5 2 El 



1 A 2 m 4 
128 n 2 



8 



H 7 

32 7 



, Am 2 



(43) 



and again we find an extra term which was absent in the deformed Minkowski spacetime case. 
Notice that the Hamiltonian mixes terms of order 7 2 and Am 2 so that both corrections are 
present in the energy. Then the energy of highly excited states is 



E = In 



1 + 



1 Am 2 
4 (2n) 2 



1 

64 



Am 
(2n)* 



+ 



1 



, Am 2 



7 7 



32 ' 2n 



3 Am 2 
16 (2n)'- 



+ 



If 
4 n ' 



(44) 



The extra contributions coming from the corrections to the energy in ( 42 ) and ( 43 ) gave rise to 
the last term 7 2 /(4n). Up to this term we have agreement with (33) if the oscillation number is 
quantized as 2n. 

Finally we can incorporate some contribution from the AdS sector along the lines of j3]. 



We can consider the term IT 2 in (34) and its contribution to the energy. We find that for the 



unperturbed Hamiltonian there is a shift in the energy E —> E + 2(N p + 1) where N p is the 
quantum number associated to p. Since we are considering highly excited oscillation states we 
can ignore N p assuming that the wave function is concentrated at the origin of the AdS allowing 
us to take p = so that the energy is just shifted by 2. The same result holds when we include 
the deformation because the structure of the equations in AdS remains intact 
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